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September first, nineteen eighty-three. A twenty-nine-year-old mathematician
named Stephen Paneitz is attending a conference in Clausthal, Germany. He dies
there. The manuscript sitting on his desk — a few pages introducing a single differ-
ential operator — is never submitted to a journal. It is never peer reviewed. It is
never formally published. And for the next twenty-plus years, it becomes one of the
most cited unpublished documents in mathematics.

That is the situation we are starting from. Not a lost genius rediscovered centuries
later, and not a suppressed idea that had to fight for recognition — something
stranger. A document that the mathematical community simply decided was too im-
portant to ignore, regardless of its publication status. It was photocopied, passed
hand to hand, scanned, and posted to a website in November 2004 as what the ab-
stract itself calls "a service to the mathematical community." The paper's formal
title is "A Quartic Conformally Covariant Differential Operator for Arbitrary Pseudo-
Riemannian Manifolds." The operator it defines is now simply called the Paneitz op-
erator. The story of how a few unfinished pages became foundational to a field is in-
separable from the mathematics itself — so let's understand both.

To get there, you need a handle on what conformal geometry is actually doing. Ima-
gine you have a curved space — a manifold, in the mathematical language —
equipped with a way of measuring distances. A conformal transformation rescales
those distances locally. At every point, it stretches or shrinks the metric by some
positive factor, but crucially, it does not rotate or shear. Angles between curves are
preserved; lengths are not. Think of it like zooming in on a map — the shape of
coastlines looks the same, but the scale changes. The central obsession of conform-
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al geometry is finding quantities and operators that survive this rescaling, that stay
meaningful even when the metric is being stretched in different amounts at differ-
ent places. These are called conformally invariant or conformally covariant objects.
Finding them is hard. Most operators you write down simply fall apart when you
apply a conformal transformation.

The space in which Paneitz works is even more general: arbitrary pseudo-Rieman-
nian manifolds. That phrase means he is not restricting to the nicely-behaved
curved surfaces of Riemannian geometry, where distances are always positive. He
includes the Lorentzian case — the geometry that underlies Einstein's general re-
lativity, where the metric can take negative values in the time direction. This gener-
ality is deliberate and significant.

Now, there was already a conformally covariant differential operator in the toolkit
before Paneitz — the second-order one, sometimes called the Yamabe operator or
conformal Laplacian. Second-order means it measures how a function changes,
once. The ordinary Laplacian is the archetypal second-order operator: it tells you,
at every point, whether a function is above or below its local average — whether
it's a peak or a valley. The Yamabe operator modifies this with a curvature correc-
tion term so that the result transforms cleanly under conformal rescaling. For most
dimensions, this works well. But in dimension four, second-order operators reach a
ceiling. They don't carry enough information about the conformal structure to do
the jobs geometers need done. And dimension four is not an arbitrary choice — it is
the dimension of spacetime, the dimension where so much of both geometry and
physics concentrates its hardest problems.

This is the gap Paneitz filled. He constructed a fourth-order operator — quartic, in
the title's language. Fourth-order means applying something like the Laplacian
twice, a bilaplacian, and then correcting the result with additional terms that en-
code the curvature of the manifold. Describe it in layers: you start with the square
of the Laplacian, which measures how the curvature of a function itself curves.
Then you subtract contributions built from the Ricci tensor — the object in Rieman-
nian geometry that tracks how volumes distort along geodesics — acting on the
first derivatives of the function. Then you add back a term involving scalar
curvature, the single number that summarizes how much space is curving at a giv-
en point, multiplied by the function directly. The result, after all those pieces as-
semble, is an operator that transforms under conformal rescaling in a completely
controlled way. When you change the metric by a conformal factor, the operator
picks up a predictable multiplicative weight — it is conformally covariant in pre-
cisely the technical sense the name promises. That is not easy to arrange. The cor-



A Quartic Conformally Covariant Differential Operator for Arbitrary Pseudo-Riemannian Manifolds
(Summary)

rection terms have to be chosen with exquisite care, because any misstep destroys
the covariance property.

And Paneitz achieved this for arbitrary pseudo-Riemannian manifolds — not just for
Riemannian spaces, not just for specific dimensions, but in full generality. That
breadth is part of why the operator matters. It is not a solution tailored to one
problem. It is a structural object that sits at the foundation of conformal geometry
in dimension four.

Here is the measure of its influence. Tom Branson — the mathematician who later
added the scan of Paneitz's manuscript to his website in 2004, effectively giving it a
permanent home — developed a closely related object called Q-curvature. Q-
curvature is a scalar invariant of four-dimensional conformal geometry, an ana-
logue of Gaussian curvature one dimension up, with the property that its integral
over a compact four-manifold is a topological invariant — it doesn't change when
you continuously deform the space. The Paneitz operator is the natural object gov-
erning how Q-curvature behaves under conformal changes of metric. You cannot
fully tell the story of Q-curvature without the Paneitz operator. And Q-curvature be-
came a central concept in modern geometric analysis. So the influence propagated
outward: first through informal circulation, then through Branson's work, then
through an entire generation of results in conformal differential geometry.

The abstract of the paper, as it now exists in formal circulation, is candid about the
document's strange biography. It notes that Paneitz passed away on September
first, nineteen eighty-three, while attending the conference in Clausthal, that the
manuscript was never published, and that for more than twenty years these few
pages were circulated informally. It calls the paper "surely one of the most cited
unpublished articles." That is an unusual thing to say in an abstract. It is also, by
any measure, accurate.

What the paper's title alone encodes is already a precise scientific claim: a differen-
tial operator, fourth-order, conformally covariant, valid for arbitrary pseudo-
Riemannian manifolds. Each of those four qualifiers carries weight. Quartic distin-
guishes it from the second-order operators that came before. Conformally covariant
specifies the exact symmetry property that makes it useful. Arbitrary pseudo-
Riemannian manifolds signals that this is not a special case but a general construc-
tion. The title is almost a proof of concept by itself — it tells you exactly what the
object is and why it is remarkable.

There is something worth sitting with here, at the close. Mathematics has a mytho-
logy of solitary geniuses, of ideas vindicated after long struggle. Paneitz's story is
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different. There was no struggle for recognition — the recognition came immedi-
ately, flowing through the community's informal channels without any of the usual
institutional machinery. What the story actually shows is how a mathematical com-
munity decides what is true and important, independent of publication. The operat-
or was right. The people who read those few pages could see it was right. And so
they cited it, built on it, and used it — even when the only version available was a
photocopy of a dead man's unfinished manuscript.

The mathematics survived its author by more than two decades before it ever ap-
peared in a journal. In November 2004, Branson posted the scan. Eventually the
paper was published formally, a quarter century after Paneitz attended his last con-
ference. But by then, the Paneitz operator had already done most of its work —
shaping conformal geometry in dimension four, anchoring the theory of Q-
curvature, and demonstrating that the boundary between published and unpub-
lished is, for ideas that are genuinely foundational, sometimes no boundary at all.
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